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1 Introduction
As we all believe, the Standard Model (SM) is not a perfect theory especially at higher
scale, so it is significant to test SM precisely to search the new physics (NP) beyond SM[1].
Recently, several experiments reported a few anomalous results of R(D(∗)) and R(J/ψ),
which are defined as
R
(
D(∗)
)
=
Br
(
B → D(∗)τν)
Br
(
B → D(∗)`ν) , (1.1)
and
R(J/ψ) =
Br (Bc → J/ψτν)
Br (Bc → J/ψµν) , (1.2)
respectively. The research of R(D(∗)) and R(J/ψ) has become interesting, because people
believe these quantities can be used to explore NP [1–13]. Moreover, as the Cabibbo-
Kobayashi-Maskawa (CKM) matrix element Vcb contained in the branching fractions can-
celed each other out, the uncertainties originate form them are reduced.
These ratios have been measured by BaBar [14, 15], Belle [16–18], and LHCb [19–21].
The averaging B -tagged measurements of R(D) and R(D∗) at the Υ(4S) and the LHCb
measurements of R(D∗) yield [22]
R(D)EX = 0.407± 0.039± 0.024,
R (D∗)EX = 0.304± 0.013± 0.007. (1.3)
Theoretically, there are already many precise SM predictions of these ratios. For example,
by fitting the lattice calculations and recent experimental data, Bigi and Gambino obtained
[23]
R(D)SM = 0.299± 0.003. (1.4)
For R(D∗), by using the heavy quark expansion and combining with the recent measure-
ments of B¯ → D∗`ν`, Fajfer et al. obtained [6]
R (D∗)SM = 0.252± 0.003. (1.5)
Flavour Lattice Averaging Group (FLAG) combined recent lattice calculations and gave
the average value [24]
R(D)SM = 0.300± 0.008. (1.6)
We can easily see that the experimental values of R(D) and R(D∗) deviate from the SM
predictions by 2.3σ and 3.4σ [22], respectively.
Most recently, LHCb reported the ratio of branching fractions [25]
R(J/ψ)EX =
Br (Bc → J/ψτν)
Br (Bc → J/ψµν) = 0.71± 0.17± 0.18. (1.7)
The SM predictions lie in the range R(J/ψ) ∈ [0.23, 0.29] , from which the data deviate by
2σ. To account for this deviation, both the new physics scenarios and the systematic errors
were considered [26–28].
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The deviations of R(D(∗)) and R(J/ψ) have motivated lots of theoretical studies on
the semi-leptonic decays of B(s) to S -wave charmed mesons. Besides papers mentioned
above, the B → D(D∗) decays have been studied by QCD sum rules [29–31], constituent
quark models [32], Lattice QCD in the framework of heavy quark effective theory (HQET)
[33, 34], and HQET method with the O (αs,ΛQCD/mb,c) and (part of) the O(Λ2QCD/m
2
c)
corrections [35], etc.
For the Bc → J/ψ (ηc) transitions, many other approaches, such as perturbative QCD
(PQCD) [36], QCD sum rules (QCDSR) [37], light-cone QCD sum rules (LCSR) [38, 39],
nonrelativistic QCD (NRQCD) [40, 41], the covariant light-front quark model (CLFQM)
[42], the nonrelativistic quark model (NRQM) [43], the relativistic quark model model
(RQM) [44], the covariant confined quark model (CCQM) [27] etc, have been used.
To explain the deviations, a lot of new physics models [4, 7–13] have been proposed.
However, to make a reliable prediction of the NP, one needs both detections and theoretical
calculations within the SM with more precision to study these observables R(D(∗)) and
R(J/ψ). For example, recently, the Belle collaboration presented an updated measurement
of R(D) which is 0.307 ± 0.037 ± 0.016 [45]. It is in agreement with the SM prediction
within 0.2σ.
In this work, we will give a relativistic study of R(D(∗)) and R(J/ψ) by using the im-
proved instantaneous Bethe-Salpeter (BS) method. One of the essential parts of this method
is the instantaneous BS wave function (also called Salpeter wave function) of mesons, which
is achieved by solving the instantaneous BS equation (also called Salpeter equation). These
functions are applied to calculate the hadronic transition matrix element. In our previous
work [46], a similar method is used to study the channel B → D(D∗), where the results
are not quite consistent with the experimental values. One possible reason is that we made
approximations when boosting the wave functions of the final mesons to the initial meson
rest frame. This method is improved in our another work [47] to study the rare decays
of Bc meson. Here we will systematically use this improved BS method to calculate the
semi-leptonic decays of Bq and Bc mesons, and make more reliable predictions of R(D(∗))
and R(J/ψ). Besides that, we will also give other quantities, including form factors, G(1),
the slope ρ2, differential decay rate, branching ratios, etc.
The paper is organized as follows. In Section 2, we present the definitions of form
factors of different decay channels and the differential decay width. In Section 3, we use
the improved BS method to calculate the form factors. In Section 4, we give the numerical
results, including the form factors, differential decay rate, partial decay widths, and the
ratio of branching fractions. A conclusion is given finally.
2 Formalism of semi-leptonic decays
In this section, we will present the formula of a Bq (q = u, d, s, c) meson semi-leptonic
decays to a charmed meson with the improved BS method. Fig.1 is the Feynman diagram
of the semileptonic decay B → Dqlν¯, whose amplitude is written as
T =
GF√
2
Vbcu¯`γ
µ(1− γ5)vν¯`〈Dq|Jµ|Bq〉, (2.1)
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Figure 1: Feynman diagram of the semileptonic Bq decays to a charmed D
(∗)
q (q = u, d, s).
where GF is the Fermi coupling constant, Vbc is the CKM matrix element, Jµ = Vµ−Aµ is
the charged eletroweak current.
The hadronic matrix element 〈D(∗)q |(Vµ − Aµ)|B−q 〉 can be characterized by the corre-
sponding form factors. If the final meson is a pseudoscalar state, the matrix element can
be written as
〈Dq|V µ|Bq〉 = F+(Q2)(Pµ + Pµf ) + F−(Q2)(Pµ − Pµf )
= F+(Q
2)(Pµ + Pµf ) + F−(Q
2)Qµ
= f1(Q
2)(Pµ + Pµf −
M2 −M2f
Q2
Qµ) + f0(Q
2)
M2 −M2f
Q2
Qµ,
〈Dq|Aµ|Bq〉 = 0,
(2.2)
where P and Pf are the momenta of the initial and final mesons with masses M and Mf ,
respectively; the definition Qµ = Pµ − Pµf is used; f1(Q2), f0(Q2) are the form factors
which are related to the functions F+(Q2) and F−(Q2) by
f1(Q
2) = F+(Q
2), f0(Q
2) = F+(Q
2) +
Q2
M2 −M2f
F−(Q2). (2.3)
If the final meson is a vector state, the matrix element is written as
〈D∗q |Vµ|Bq〉 = ig(Q2)εµνατ νPfαPτ =
2iV (Q2)
M +Mf
εµνατ νPfαPτ ,
〈D∗q |Aµ|Bq〉 = f(Q2)µ + a+(Q2)( · q)(Pµ + Pµ) + a−(Q2)( · q)Qµ
= 2MfA0(Q
2)
 · q
Q2
Qµ + (M +Mf )A1(Q
2)[µ −  · q
Q2
Qµ]
−A2(Q2)  · q
M +Mf
[Pµ + Pµf −
M2 −M2f
Q2
Qµ],
(2.4)
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where µ is the polarization vector of final meson D∗q ; εµνατ is the totally antisymmetric
Levi-Civita tensor; V (Q2), A0(Q2), A1(Q2), A2(Q2) are the form factors which are related
to the functions f(Q2), a+(Q2), a−(Q2), v(Q2) by
V (Q2) =
M +Mf
2
g(Q2), A1(Q
2) = − f(Q
2)
M +Mf
, A2(Q
2) = (M +Mf )a+(Q
2)
A0(Q
2) = − 1
2Mf
(Q2a−(Q2) + f(Q2) + (M2 −M2f )a+(Q2)).
(2.5)
The square of the transition amplitude can be written as∑
|T |2 = G
2
F
2
|Vbc|2LµνHµν , (2.6)
where we have summed up the possible polarization of finial state. Lµν is the leptonic
tensor, which has the form
Lµν ≡ u`γµ (1− γ5) vν¯`vν¯` (1 + γ5) γνu`
= 8
(
PlµPν¯ν + Pν¯µPlν − gµνPl · Pν¯ − iµνρσP ρl P σν¯
)
,
(2.7)
where Pl and Pν¯ are the momenta of l and ν¯, respectively. The hadronic tensor Hµν can
be written as
Hµν ≡
∑
〈Dq|Jµ|Bq〉〈Bq|Jν |Dq〉
= −αgµν
+ β++(P + Pf )
µ(P + Pf )
ν + β+−(P + Pf )µ(P − Pf )ν
+ β−+(P − Pf )µ(P + Pf )ν + β−−(P − Pf )µ(P − Pf )ν
+ iγµνρσ(P + Pf )ρ(P − Pf )σ,
(2.8)
where the functions α, β++, β+−, β−+, β−− and γ directly relate to the form factors. For
the decays when the final state is a 0− meson, we have
α =γ = 0,
β++ = F
2
+, β−− = F
2
−,
β+− = F+F−, β−+ = F−F+.
(2.9)
When the final state is a 1− meson, the relations are
α = f2 + 4M2g2|~Pf |2,
β++ =
f2
4M2f
−M2g2y + 1
2
[
M2
M2f
(1− y)− 1
]
fa+ +
M2|~Pf |2
M2f
a2+,
β+− = β−+ = g2(M2 −M2f )−
f2
4M2f
− 1
2
f(a+ + a−)− 1
2
(a+ − a−)MEf
M2f
+ a+a−
M2|~Pf |2
M2f
,
β−− = −g2(M2 + 2MEf +M2f ) +
f2
4M2f
− fa−
(
MEf
M2f
)
+ a2−
M2|~Pf |2
M2f
,
γ = 2gf.
(2.10)
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Finally, the decay width Γ is read as
Γ =
1
2M(2pi)9
∫
d3 ~Pf
2Ef
d3 ~P`
2E`
d3 ~Pν¯
2Eν¯
(2pi)4δ4(P − Pf − P` − Pν¯)
∑
|T |2, (2.11)
where Ef , E` and Eν¯ the energies of D
(∗)
q , ` and ν¯`, respectively. By introducing the
symbols x ≡ E`/M , y ≡ (P − Pf )2/M2, the differential decay width can be written as
d2Γ
dxdy
=|Vcs|2G
2
FM
5
64pi3
{
2α
M2
(
y − m
2
`
M2
)
+ β++
[
4
(
2x
(
1− M
2
f
M2
+ y
)
− 4x2 − y
)
+
m2`
M2
(
8x+ 4
M2f
M2
− 3y − m
2
`
M2
)]
+ (β+− + β−+)
m2`
M2
(
2− 4x+ y − 2M
2
f
M2
+
m2`
M2
+ β−−
m2`
M2
(
y − m
2
`
M2
))
−
[
2γy
(
1− M
2
f
M2
− 4x+ y + m
2
`
M2
)
+ 2γ
m2`
M2
(
1− M
2
f
M2
)]}
.
(2.12)
And the decay width is
Γ =
∫
dx
∫
dy
d2Γ
dxdy
. (2.13)
3 The improved BS method
The matrix element 〈D(∗)q |Jµ|B−q 〉 will be calculated by the improved BS method. Within
Mandelstam formalism, it can be written as
〈Pf |Jµ|P 〉 =
∫
d4q
(2pi)4
d4qf
(2pi)4
Tr
[
χ(Pf , qf )Γ
µχ(P, q)S−12 (−p2)
]
(2pi)4δ4 (p2 − p2f )
=
∫
d4q
(2pi)4
Tr
[
χ (Pf , qf ) Γ
µχ(P, q)S−12 (−p2)
]∣∣∣∣
qf=q+α2fPf−α2P
(3.1)
where χ(P, q) and χ¯(P, q) are the BS wave function of the initial meson and final meson,
respectively, and the latter one has the form χ(Pf , qf ) = γ0χ(Pf , qf )†γ0 in its rest frame;
the vertex is Γµ = γµ(1 − γ5); S1 and S2 are propagators of the quark and anti-quark,
respectively. q and is the relative momentum of the quark and antiquark within the initial
meson. p1, p2 are respectively the momenta of the quark and anti-quark within the initial
meson, which are related to P and q by
pi = αiP + Jq, αi ≡ mi
m1 +m2
, (3.2)
where m1, m2 are the masses of the quark and anti-quark, respectively; J = 1 and −1 for
the cases i = 1 and 2, respectively. For the final meson, we define similar relations
pif = αifPf + Jqf , αif ≡ mif
m1f +m2f
. (3.3)
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The BS wave functions fulfill the BS equation which has the form [48]
(p/1 −m1)χ(P, q)(p/2 +m2) = i
∫
d4k
(2pi)4
V (P, k, q)χ(P, k), (3.4)
where V (P, k, q) is the interaction kernel. If we take the instantaneous approximation, the
kernel can be reduced to V (|~q − ~k|). Now we can introduce two 3-dimensional quantities
ϕ(q⊥) ≡ i
∫
dqP
2pi
χ(P, q), η(P, q⊥) ≡
∫
dk3⊥
(2pi)3
V (k⊥, q⊥)ϕ(k⊥). (3.5)
where we have used the definitions
qP =
P · q
M
, qµ⊥ = q
µ − qPPµ. (3.6)
Then the BS equation can be rewritten as
χ(P, q) = S1(p1)η(P, q⊥)S2(−p2). (3.7)
Using above equations, we can write Eq. (3.1) as
〈Pf |Jµ|P 〉 =
∫
d4q
(2pi)4
Tr [η(Pf , qf⊥⊥)S1(p1f )ΓµS1(p1)η(P, q⊥)S2(−p2)]
=
∫
d4q
(2pi)4
Tr
[ /P f
Mf
(Λ˜+1 (p1f⊥⊥) + Λ˜
−
1 (p1f⊥⊥))η(Pf , qf⊥⊥)(Λ˜
+
2 (p2f⊥⊥)
+ Λ˜−2 (p2f⊥⊥))
/P f
Mf
S1(p1f )Γ
µS1(p1)η(P, q⊥)S2(−p2)
]
≈
∫
d4q
(2pi)4
Tr
[ /P f
Mf
Λ˜+1 (p1f⊥⊥)η(Pf , qf⊥⊥)Λ˜
+
2 (p2f⊥⊥)
/P f
Mf
× S1(p1f )ΓµS1(p1)η(P, q⊥)S2(−p2)
]
.
(3.8)
In the first line of the above equation, we have used Eq. (3.7) with the definition qf⊥⊥ ≡
qf − Pf ·qfM2f Pf for the final meson; in the second line, we have defined the projection operator
of the final meson
Λ˜±i (pif⊥⊥) =
1
2ω˜if
[ /P f
Mf
ω˜if ± (Jmif + /pif⊥⊥)
]
, (3.9)
with
ω˜if ≡
√
m2if − p2if⊥⊥ =
√
m2if − q2f⊥⊥. (3.10)
The relation
/P f
Mf
= Λ˜+1 (p1f⊥⊥) + Λ˜
−
1 (p1f⊥⊥) is also applied. In the last equation, we have
omitted the contribution of the negative energy part, which is very small compared with
that of the positive energy part.
Next, we express the propagators Si(Jpi) and Si(Jpif ) also in terms of the projection
operators,
Si(Jpi) =
Λ+i (pi⊥)
piP − ωi + i
+
Λ−i (pi⊥)
piP + ωi − i
,
Si(pif ) =
Λ+i (pif⊥)
pifP − ωif + i
+
Λ−i (pif⊥)
pifP + ωif − i
,
(3.11)
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where
Λ±i (pi⊥) =
1
2ωi
[ /P
M
ωi ± (Jmi + /pi⊥)
]
, ωi ≡
√
m2i − p2i⊥ =
√
m2i − q2⊥,
Λ±i (pif⊥) =
1
2ωif
[ /P
M
ωif ± (Jmi + /pif⊥)
]
, ωif ≡
√
m2if − p2if⊥.
(3.12)
Then Eq. (3.8) can be written as
〈Pf |Jµ|P 〉 =
∫
d4q
(2pi)4
Tr
[ /P f
Mf
Λ˜+1 (p1f⊥⊥)η(Pf , qf⊥⊥)Λ˜
+
2 (p2f⊥⊥)
/P f
Mf
Λ+1 (p1f⊥)Γ
µΛ+1 (p1⊥)
× η(P, q⊥)Λ+2 (p2⊥)
] 1
(p1fP − ω1f + i)(p1P − ω1 + i)(p2P − ω2 + i)
,
(3.13)
where the quantities p1P , p2P , and p1fP in the denominator are related to qP by
p1P = qP + α1M,
p2P = −qP + α2M,
p1fP = qP + PfP − α2M.
(3.14)
By integrating out qP around the upper plane, we get
〈Pf |Jµ|P 〉 = −i
∫
d~q
(2pi)3
Tr
[ /P f
Mf
Λ˜+1 (p1f⊥⊥)η(Pf , qf⊥⊥)Λ˜
+
2 (p2f⊥⊥)
/P f
Mf
Λ+1 (p1f⊥)Γ
µ
× Λ+1 (p1⊥)η(P, q⊥)Λ+2 (p2⊥)
] 1
(PfP − ω2 − ω1f )
1
(M − ω2 − ω1) .
(3.15)
The 3-dimensional wave functions (Salpeter wave function) of the initial and final
mesons fulfill corresponding Salpeter equations
ϕ++(P, q⊥) =
Λ+1 (p1⊥)η(P, q⊥)Λ
+
2 (p2⊥)
M − ω1 − ω2 ,
ϕ++(Pf , qf⊥⊥) =
Λ˜+1 (p1f⊥⊥)η(Pf , qf⊥⊥)Λ˜
+
2 (p2f⊥⊥)
Mf − ω˜1f − ω˜2f ,
(3.16)
where we have used the definitions
ϕ++(P, q⊥) = Λ+1 (p1⊥)
/P
M
ϕ(P, q⊥)
/P
M
Λ+2 (p2⊥),
ϕ++(Pf , qf⊥⊥) = Λ˜+1 (p1f⊥⊥)
/P f
Mf
ϕ(Pf , qf⊥⊥)
/P f
Mf
Λ˜+2 (p2f⊥⊥),
(3.17)
whose explicit form can be found in Eq.(3.20) and Eq.(3.22). Then the hadronic transition
matrix element is written as [47]
〈Pf |Jµ|P 〉 = −i
∫
d~q
(2pi)3
Tr
[ /P f
Mf
ϕ++(Pf , qf⊥⊥)
/P f
Mf
LrΓ
µϕ++(P, q⊥)
]
, (3.18)
where
Lr =
(Mf − ω˜1f − ω˜2f )
(PfP − ω1f − ω2)
Λ+1 (p1f⊥) . (3.19)
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Here we use the relativistic wave function for a 0− meson, which has the form
ϕ0− (q⊥) = M
[
P/
M
ϕ1 (q⊥) + ϕ2 (q⊥) +
q/⊥
M
ϕ3 (q⊥) +
P/q/⊥
M2
ϕ4 (q⊥)
]
γ5, (3.20)
where the radial wave functions ϕ1 ∼ ϕ4 fulfill the constraint conditions
ϕ3 =
M (ω2 − ω1)
m1ω2 +m2ω1
ϕ2,
ϕ4 = − M (ω1 + ω2)
m1ω2 +m2ω1
ϕ1.
(3.21)
The numerical values of ϕ1 and ϕ2 can be obtained by solving the Salpeter equation.
For the 1− state, the relativistic wave function has the form
ϕ1− (q⊥) = (q⊥ · )
[
f1 (q⊥) +
P/
M
f2 (q⊥) +
q/⊥
M
f3 (q⊥) +
P/q/⊥
M2
f4 (q⊥)
]
,
+M/
[
f5 (q⊥) +
P/
M
f6 (q⊥) +
q/⊥
M
f7 (q⊥) +
P/q/⊥
M2
f8 (q⊥)
]
.
(3.22)
And the radial wave functions f1 ∼ f8 fulfill the constraint conditions
f1 (q⊥) =
q2⊥f3 (ω1 + ω2) + 2M
2f5ω2
M (m1ω2 +m2ω1)
,
f2 (q⊥) =
q2⊥f4 (ω1 − ω2) + 2M2f6ω2
M (m1ω2 +m2ω1)
,
f7 (q⊥) =
M (ω1 − ω2)
m1ω2 +m2ω1
f5,
f8 (q⊥) =
M (ω1 + ω2)
m1ω2 +m2ω1
f6.
(3.23)
For comparison, we also present the non-relativistic forms of the wave functions, which
have the form
ϕ0− (q⊥) = M
[
P/
M
ϕ1 (q⊥) + ϕ2 (q⊥)
]
γ5 (3.24)
and
ϕ1− (q⊥) = M/
[
f3 (q⊥) +
P/
M
f4 (q⊥)
]
(3.25)
for the 0− and 1− mesons, respectively.
4 Numerical Results and Discussions
In this work, we use the Cornell potential as the interaction kernel [49], which is a linear
scalar potential plus a vector interaction potential
V (~q) = Vs(~q) + Vv(~q)γ0 ⊗ γ0,
Vs(~q) = −
(
λ
α
+ V0
)
δ3(~q) +
λ
pi2
1
(~q2 + α2)2
,
Vv(~q) = − 2
3pi2
αs(~q)
(~q2 + α2)
,
(4.1)
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where the QCD running coupling constant αs(~q) = 12pi33−2Nf
1
log(a+~q2/Λ2QCD)
is used; the
symbol
⊗
denotes that the Salpeter wave function is sandwiched between the two γ0
matrices. The constants λ, α, a, V0 and ΛQCD are the parameters charactering the potential,
which have the values [50],
a = e = 2.7183, α = 0.060 GeV, λ = 0.210 GeV2,
mu = 0.305 GeV, md = 0.311 GeV, ms = 0.500 GeV,
mc = 1.62 GeV, mb = 4.96 GeV, ΛQCD = 0.270 GeV.
(4.2)
In addition, the CKM matrix element |Vcb| = 0.0411 from PDG [22] is also used.
Since the Salpeter equations of the 0− and 1− mesons have been solved in our previous
paper [49, 51], we will not show the details, but directly give the numerical results of wave
functions. With Eq.(2.2) and Eq.(2.4), we can get the form factors of B¯0 → D+eνe, B¯0 →
D∗+eνe and Bc → ηc(J/ψ)eνe which are presented in Fig.2, Fig.3 and Fig.4, respectively.
In each figure, we plot two diagrams, the left one is for the case when the final state is a
pseudoscalar, and the right one for the vector final state.
(a) f1(Q2), f0(Q2) of 0− → 0− (b) A0(Q2), A1(Q2), A2(Q2), V (Q2) of 0− → 1−
Figure 2: The form factors of decays B¯0 → D(∗)+eν¯e.
To check our result, we compare it with that achieved by other method, where the form
factors are parameterized in a different way. According to Ref. [3], The differential width
can be written as
dΓ (B → D`ν`)
dw
=
G2Fm
3
D
48pi3
(mB +mD)
2 (w2 − 1)3/2 η2EWG2(w) |Vcb|2 , (4.3)
where the factor ηEW = 1 + α/pi lnMZ/mB ' 1.0066 takes into account the short distance
QED corrections. Moreover, the recoil variable w is defined as the product of the 4-velocities
of the B and D mesons, which is related to Q2 by the formula
w = vB · vD = m
2
B +m
2
D −Q2
2mBmD
. (4.4)
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(a) f1(Q2), f0(Q2) of 0− → 0− (b) A0(Q2), A1(Q2), A2(Q2), V (Q2) of 0− → 1−
Figure 3: The form factors of decays B0s → D(∗)+s eν¯e.
(a) f1(Q2), f0(Q2) of 0− → 0− (b) A0(Q2), A1(Q2), A2(Q2), V (Q2) 0− → 1−
Figure 4: The form factors of decays B−c → ηc(J/ψ)eν¯e.
For the decay process B0 → D−`ν`, we can get [52]
G(z) = 2
√
r
(1 + r)
f1(w)
= G(1) (1− 8ρ2z + (51ρ2 − 10) z2 − (252ρ2 − 84) z3) , (4.5)
where
z(w) =
√
w + 1−√2√
w + 1 +
√
2
. (4.6)
Here we have defined r = mD/mB. If the lepton mass can be neglected, the differential
decay rate will not depend on f0 (w). Then we can express the form factors of channel
– 10 –
B¯0 → D+eve as the functions of w, which is show in Fig.5(a). In Fig.5(b), we compare our
result of f1 with the experimental data [52], to show the uncertainty of the input parameters.
We vary all the model parameters simultaneously around their center values within ±10%
and take the largest uncertainty as the errors. Within theoretical uncertainties, our results
consist with Belle’s data.
(a) f1(w) and f0(w) without errors (b) f1(w) with errors compared with Belle results
[52]
Figure 5: The form factors with and without errors of the decay B¯0 → D+eν¯e.
G(1) and ρ2 are independent parameters which describe respectively the normalization
and the shape of the measured decay distributions. Using Eq. (4.5) and the numerical
values of form factors as well as |Vcb| = 41.1× 10−3 from PDG [22], we obtain the values of
G(1) and the slope ρ2 which are shown in table 1, where the average of experimental data
and LQCD’s results are also given as comparison. For both parameters, our results are
smaller than the experimental data. However, considering the uncertainties, they are still
consistent with each other. The normalization parameter G(1) and the slope ρ2 for other
semileptonic decays of Bq meson to the pseudoscalar are shown in table 2.
Table 1: The normalization and the slope of B0 → D−`ν`.
.
parameters ηEWG(1)|Vcb|[10−3] ρ2
ours 35.6+4.9−5.0 0.97± 0.16
Averages of EX [3] 41.57± 0.45 stat ± 0.89 syst 1.128± 0.024 stat ± 0.023 syst
LQCD [33] 42.81(40) 1.119(71)
For the decay process B¯0 → D∗+`ν`, where the final meson is a vector, we can get a
similar formula as that of the pseudoscalar case [34]
dΓ
(
B¯0 → D∗+`ν`
)
dw
=
G2Fm
3
D∗
48pi3
(mB −mD∗)2 η2EWχ(w)F2(w) |Vcb|2 , (4.7)
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Table 2: The normalization and the slope of B−, Bs and Bc decays to a pseudoscalar
meson.
Channel ηEWG(1)|Vcb|[10−3] ρ2
B− → D0eνe 35.5+4.6−4.8 0.96± 0.13
Bs → Dseνe 35.9+4.5−4.7 1.13± 0.21
Bc → ηceνe 37.4+4.8−4.2 2.64± 0.23
where
χ(w)F2(w) =
h2A1(w)
√
w2 − 1(w + 1)2
{
2
[
1−2wr+r2
(1−r)2
] [
1 +R21(w)
w2−1
w+1
]
+[
1 + (1−R2(w)) w−11−r
]2}, (4.8)
and
hA1(w) =
2
√
mBmD∗
mB +mD∗
A1
(
Q2
)
1− Q2
(mB+mD∗ )
2
. (4.9)
Here we use the parametrization of form factors introduced by Caprini, Lellouch and Neu-
bert (CLN) [53]
hA1(w) = hA1(1)
[
1− 8ρ2z + (53ρ2 − 15) z2 − (231ρ2 − 91) z3] ,
R1(w) =
hV (w)
hA1(w)
≈ 1.27− 0.12(w − 1) + 0.05(w − 1)2,
R2(w) =
hA3(w) + rhA2(w)
hA1(w)
≈ 0.80 + 0.11(w − 1)− 0.06(w − 1)2.
(4.10)
All these functions, hA1(w), R1(w), R2(w) etc., are alterations of the former form factors,
which can be obtained by using Eq. (2.12). For example, at zero recoil, where w = 1 ,
z = 0 and Q2 = Q2max = (mB +mD)2, we have
F(1) = hA1(1) =
mB +mD∗
2
√
mBmD∗
A1
(
Q2max
)
. (4.11)
We will not show details of other functions, but present the the results of ηEWF(1) |Vcb|,
ρ2, R1(1) and R2(1) in table 3, where the LQCD results and the averages of experimental
data are also listed for comparison. Similarly, in table 4, the normalization G(1) and the
slope ρ2 of the other 0− → 1− channels are shown.
The differential branching fraction is another observable. With the numerical values of
form factors calculated by the improved BS method, we straightforwardly obtain differential
branching fractions. In Fig.6(a), the spectra of B → Dµν and B → Dτν are shown. In
Fig.6(b), the spectra for B → D∗µν and B → D∗τν are given. Our results of differential
branching fractions for the cases of B → D agree very well with those of Ref. [34] by the
lattice QCD method. In Fig.7 and Fig.8, we present respectively the differential branching
fractions for Bs and Bc decays.
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Table 3: The normalization and the slope of B0 → D∗−`ν`.
parameters ηEWF(1)|Vcb|[10−3] ρ2
ours 40.06+4.98−4.13 1.04± 0.19
Averages of EX [3] 35.61± 0.11 stat ± 0.41 syst 1.205± 0.015stat ± 0.021syst
LQCD [34] 36.71± 0.41± 0.84 1.29(17)
parameters R1(1) R2(1)
ours 1.55+0.12−0.11 0.98
+0.12
−0.11
LQCD [34] 1.404± 0.032 0.854± 0.020
Table 4: The normalization and the slope of B−, Bs and Bc decay to a vector meson.
Channel ηEWF(1)|Vcb|[10−3] ρ2 R1(1) R2(1)
B− → D∗0eve 40.1+4.9−4.2 1.04± 0.18 1.55+0.11−0.12 0.98+0.12−0.11
Bs → D∗seve 39.8+4.6−4.4 1.18± 0.15 1.34+0.10−0.11 1.03+0.15−0.14
Bc → J/ψeve 38.8+4.8−4.1 2.67± 0.16
(a) The spectrum for B → Dµ(τ)ν (b) The spectrum for B → D∗µ(τ)ν
Figure 6: The differential branching fractions for B meson decays.
For completeness, we also calculate the angular distribution dΓ/dcosθ, where θ is the
angle between ~Pf (the momentum of the final meson) and ~P ∗l (the momentum of the
charged lepton in the center-of-momentum frame of l−ν¯l). The results are presented in Fig.
9, Fig.10, and Fig.11. Moreover, we can also study the the lepton spin asymmetry and
the forward-backward asymmetry, which are defined respectively as
APλ
(
Q2
)
=
dΓ [λ` = −1/2] /dQ2 − dΓ [λ` = 1/2] /dQ2
dΓ [λ` = −1/2] /dQ2 + dΓ [λ` = 1/2] /dQ2 ,
(4.12)
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(a) The spectrum for Bs → Dsµ(τ)ν (b) The spectrum for Bs → D∗sµ(τ)ν
Figure 7: The differential branching fractions for Bs meson decays.
(a) The spectrum for Bc → ηcµ(τ)ν (b) The spectrum for Bc → J/ψµ(τ)ν
Figure 8: The differential branching fractions for Bc meson decays.
and
APcosθ
(
Q2
)
=
∫ 0
−1 d cos θ
(
d2Γ/dQ2d cos θ
)− ∫ 10 d cos θ (d2Γ/dQ2d cos θ)
d2Γ/dQ2
. (4.13)
The results are shown in Fig.12 ∼ Fig.17.
Finally, the decay widths and corresponding branching ratios by the improved BS
method are shown in table 5 and table 6, where table 5 is the cases of Bq decays to a
pseudoscalar and table 6 is for the cases of Bq to a vector. As before, the errors are
calculated by varying all the parameters around their center values within ±10%.
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(a) The spectrum for B → D`ν` (b) The spectrum for B → D∗`ν`
Figure 9: The angular distributions for B meson decays.
(a) The spectrum for Bs → Ds`ν` (b) The spectrum for Bs → D∗s`ν`
Figure 10: The angular distributions for Bs meson decays.
In table 5 and table 6, for comparison, we also show other theoretical results as well
as the experimental data from PDG. In the last column of table 5, we show our results of
the ratios R(D), R(Ds) and R(ηc). And the corresponding vector cases R(D∗), R(D∗s) and
R(J/ψ) are shown in the last column of table 6. From these two tables, we can see that, our
results of branching ratios consist with experimental data within errors . However, for the
B− → D0 processes, we get a larger value of R(D) than the experimental data. Because
the center value of the branching ratio of B− → D0eνe is smaller than that of experimental
data, while for the B− → D0τντ process, the result is opposite.
To compare with each other, we give the table 7, in which we show the ratios of R(D),
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(a) The spectrum for Bc → ηc`ν` (b) The spectrum for Bc → J/ψ`ν`
Figure 11: The angular distributions for Bc meson decays.
Figure 12: APλ (left) and A
P
cosθ(right) of the decay B¯
0 → D+(1S)`ν`.
R(D(∗)) and R(J/ψ) by this method, other SM predictions and experimental data. There
are many theoretical predictions of the SM available now, while we only present few of them
in this paper for comparison. We can see that, though we have relative large theoretical
uncertainties in the branching ratios, we get very small uncertainties in the ratios of R(D),
R(D(∗)) and R(J/ψ), as most of the uncertainties are cancelled. This also happens in other
theoretical predictions. Our result of R(D) is close to other SM predictions, while larger
than experimental data except the recent Belle data in 2019. For R(D(∗)), most theoretical
results are consistent with each other, but smaller than the experimental data. For R(J/ψ),
the theoretical predictions of the SM is much smaller than the experimental data.
In conclusion, we give a relativistic calculation of the ratios R(D), R(D∗) and R(J/ψ)
using the instantaneous BS method which has been improved to provide a more covari-
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Figure 13: APλ (left) and A
P
cosθ(right) of the decay B¯
0
s → D+s (1S)`ν`.
Figure 14: APλ (left) and A
P
cosθ(right) of the decay B
−
c → ηc`ν`.
ant formula to calculate the transition matrix element. Within errors, our results of the
branching fractions are consistent with the experimental data. However, their ratios R(D),
R(D∗) and R(J/ψ), which are consistent with other theoretical predictions, are distinctly
different from the experimental data except the recent Belle result [45].
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